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FROM NODAL POINTS TO NON-EQUIDISTRIBUTION AT THE
PLANCK SCALE
XIAOLONG HAN
Abstract. In this note, we make an observation that Laplacian eigenfunctions fail equidis-
tribution around their nodal points at the Planck scale. Furthermore, equidistribution at
the same scale also fails around the points where the eigenfunctions have large values.
1. Introduction
Let M be a n-dim compact Riemannian manifold. Denote ∆ the positive Laplacian. (If
M has boundary, then we impose the Dirichlet or Neumann boundary condition.) We are
concerned with the (non-)equidistribution of the Laplacian eigenfunctions at small scales.
That is, let ∆u = λ2u and we normalize the eigenfunctions in L2(M) throughout the note.
Write B(p, r) ⊂ M as the geodesic ball with center p and radius r. We then say that a
sequence of eigenfunctions {uk}
∞
k=1 tends equidistributed at the scale r = r(λ) if for all
p ∈M, ∫
B(p,rk)
|uk|
2 dVol = Vol(B(p, rk)) + o(r
n
k ) as λk →∞. (1.1)
Here, rk = r(λk) → 0 as λk → ∞ and dVol denotes the Riemannian volume on M. Small
scale equidistribution is a refined property than the one at the macroscopic scale (i.e., (1.1)
for sets that are independent of the eigenvalues.) See Zelditch’s survey [Z] for the recent
development of small scale equidistribution of eigenfunctions in the context of Quantum
Chaos and related topics.
In this note, we study the scales r at which equidistribution fails (i.e., non-equidistribution)
in the sense that one of the following two cases happens. (We will make the conditions
“≪,≫” precise in the theorems below.)
• Case I. For some p ∈M,∫
B(p,r)
|u|2 dVol≪ Vol(B(p, r)).
• Case II. For some p ∈M,∫
B(p,r)
|u|2 dVol≫ Vol(B(p, r)).
The Laplacian eigenfunction with eigenvalue λ2 oscillates at a typical wave-length ≈ λ−1,
which is usually referred as the Planck scale. It is therefore reasonable to expect non-
equidistribution at the Planck scale. See the density distribution of the eigenfunctions on
the Barnett stadium in the following picture. As the eigenvalues increase from left to right,
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the oscillating wave-lengths (Planck scale) decrease. We see that eigenfunctions display
equidistribution at the macroscopic scale while fail equidistribution at the Planck scale.
Credit: Alex Barnett
In this note, we make an observation about non-equidistribution in Case I of eigenfunc-
tions on balls at the Planck scale “almost everywhere”, therefore providing the explanation
of this well-known phenomenon displayed in the above picture. It is based on two facts
about the eigenfunctions:
A. The nodal points of u, ∆u = λ2u, are “λ−1 dense” on M. This fact is standard. See e.g.,
Colding-Minicozzi [CM, Lemma 1]: There is a > 0 depending only on M such that for
r0 = aλ
−1 (1.2)
and any p ∈M, there is q ∈ B(p, r0/3) with u(q) = 0.
B. The average of the gradient of u, |∇u|, is λ on M. This fact follows directly from the
Green’s identity:∫
M
|∇u|2 dVol =
∫
M
u∆u dVol = λ2
∫
M
|u|2 dVol = λ2. (1.3)
Recall that we always normalize u such that ‖u‖L2(M) = 1.
Let {B(pj , r0)}
J
j=1 be a maximal disjoint collection
i of balls in M. Then Fact A asserts
that there is always a nodal point qj ∈ B(pj , r0/3). While Fact B implies that |∇u| . λ
if we average over all balls. Therefore, for “almost all” balls, u can not grow too fast from
the nodal points to neighboring points. It then results non-equidistribution in Case I at the
Planck scale on these balls. This is our main theorem:
Theorem 1. For any ε > 0, there exists δ > 0 depending on ε and M such that the following
holds.
Given any eigenfunction ∆u = λ2u, let {B(pj , r0)}
J
j=1 be a maximal disjoint collection of
balls in M and r ≤ δλ−1. Then there is a subcollection {pjk}
K
k=1 ⊂ {pj}
J
j=1 that satisfies
(i). K ≥ (1− ε)J ,
(ii). for all k = 1, ..., K, there is qjk ∈ B(pjk , r0/3) such that∫
B(qjk ,r)
|u|2 dVol ≤ ε · Vol(B(qjk , r)).
A direct limiting argument yields that
iHere, a collection of balls {B(pj , r)}
J
j=1 is maximal disjoint if they are disjoint and any ball of radius r
in the manifold intersects B(pj , r) for some j = 1, ..., J .
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Corollary 2. Given any eigenfunction ∆u = λ2u, let {B(pj, r0)}
J
j=1 be a maximal disjoint
collection of balls in M and r = o(λ−1). Then there is a subcollection {pjk}
K
k=1 ⊂ {pj}
J
j=1
that satisfies
(i).
lim
λ→∞
K
J
= 1,
(ii). there is qjk ∈ B(pjk , r0/3) such that
lim
λ→∞
∫
B(qjk ,r)
|u|2 dVol
Vol(B(qjk , r))
= 0 uniformly for all k = 1, ..., K.
Remark. Condition (i) in Theorem 1 and Corollary 2 can be understood as a full density
condition (i.e., “almost all”). This “almost all” condition can not be replaced by “all”. See
the example of certain eigenfunctions on the sphere in Section 2.
We next establish the non-equidistribution in Case II at the Planck scale around the
points with large function values.
Theorem 3. There exists δ > 0 depending on M such that if M > 0 and r = δλ−1, then∫
B(p,r)
|u|2 dVol
Vol(B(p, r))
≥ δM2
for all p ∈M with |u(p)| ≥M .
Remark.
• Suppose that there is a sequence of eigenfunctions {uk}
∞
k=1 for which ‖uk‖L∞(M) →∞
as k → ∞. Then as an immediate consequence of Theorem 3, non-equidistribution
at the Planck scale in Case II happens around the points where uk achieves the
maximum value.
• All known examples of manifolds except the rectangles (or tori) with irrational ratio
of side-lengths support eigenfunctions with L∞ norm going to infinity. Therefore, on
these manifolds, there are eigenfunctions that display non-equidistribution in Case
II.
• The eigenfunctions on rectangles with irrational ratio are all sine or cosine functions
(or finite linear combinations of these functions) so are uniformly bounded. It is
plausible that they are the only manifolds on which all eigenfunctions are uniformly
bounded. See Toth-Zelditch [TZ] for related discussion. But this is unknown to the
author’s knowledge.
Moreover, we prove non-equidistribution at larger scales than the Planck one, depending
on M in Theorem 3.
Theorem 4. For any ε > 0, there exists δ > 0 depending on ε and M such that if M ≥ 1
and r = δλ−1M2/n, then ∫
B(p,r)
|u|2 dVol
Vol(B(p, r))
≥
1
ε
for all p ∈M with |u(p)| ≥M .
Remark.
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• From the Weyl-type estimate that ‖u‖L∞(M) ≤ Cλ
(n−1)/2 by Ho¨rmander [Ho], we
see that the best scale that one can get from Theorem 3 is λ−1(λ(n−1)/2)2/n = λ−1/n
(which is much larger than the Planck scale λ−1.)
• On the spheres Sn, there are Laplacian eigenfunctions that saturate the above L∞
bound, e.g., the zonal harmonics. Therefore, these eigenfunctions display non-
equidistribution in Case II at the scale λ−1/n.
• It is unclear whether there are eigenfunctions that display non-equidistribution in
Case II at larger scales than λ−1/n.
Related literature. Theorems 1 and 3 are on general manifolds. If there is additional
arithmetic structure, then some non-equidistribution results at various scales are known.
On the tori Tn = Rn/Zn, Bourgain [LR, Theorem 4.1] proved non-equidistribution in
Case I for eigenfunctions at scales r such that r = o(λ−1/(n−1)), which is much larger than
the Planck one. However, the non-equidistribution in [LR] is for balls with a fixed center,
as opposite to balls that are separated by the Planck scale in Theorem 1 and Corollary 2.
On the modular surface SL(2,R)/SL(2,Z), Humphries [Hu, Theorem 1.14] proved non-
equidistribution in Case II for Hecke-Maass eigenforms (Laplacian eigenfunctions with ad-
ditional arithmetic structure) at scales λ−1(log λ)α (α > 0) around some points.
2. Non-equidistribution around nodal points
We prove Theorem 1 in this section. Let ∆u = λ2u and r0 = aλ
−1 in (1.2). Assume that
{B(pj , r0)}
J
j=1 is a maximal disjoint collection of balls in M. Then J ≥ c0λ
n for some c0 > 0
that depends only on M.
According to the mean value inequality of subharmonic functions in Li-Schoen [LS], we
have that
sup
B(pj , 23 r0)
{|∇u|2} ≤
C
Vol(B(pj, r0))
∫
B(pj ,r0)
|∇u|2 dVol ≤ Cλn
∫
B(pj ,r0)
|∇u|2 dVol,
in which C > 0 depends only on M. It then follows that
1
J
J∑
j=1
sup
B(pj , 23 r0)
{|∇u|2} ≤
1
c0λn
J∑
j=1
Cλn
∫
B(pj ,r0)
|∇u|2 dVol
≤ C
J∑
j=1
∫
B(pj ,r0)
|∇u|2 dVol
≤ C
∫
M
|∇u|2 dVol
= Cλ2,
in which the last step follows from (1.3).
By the Tchebychev inequality,
#

j = 1, ..., J : sup
B(pj , 23 r0)
{|∇u|2} >
Cλ2
ε

 ≤ ε
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Denote {pjk}
K
k=1 ⊂ {pj}
J
j=1 the subcollection that
sup
B(pjk ,
2
3
r0)
|∇u|2 ≤
Cλ2
ε
.
Then we have that K ≥ (1− ε)J , proving Condition (i) in Theorem 1.
Now for each k = 1, ..., K, there is qjk ∈ B(pjk , r0/3) such that u(qjk) = 0 by (1.2). For
δ < a/3 and r ≤ δλ−1 ≤ r0/3, B(qjk , r) ⊂ B(pjk , 2r0/3). We can also assume that B(qjk , r)
is contained in a coordinate patch of M. Let d(q1, q2) denote the distance between q1 and
q2 in such a patch. Then for any q ∈ B(qjk , r),
|u(q)− u(qjk)| ≤ sup
B(qjk ,r)
{|∇u|} · d(q, qjk). (2.1)
Since u(qjk) = 0 and B(qjk , r) ⊂ B(pjk , 2r0/3),∫
B(qjk ,r)
|u(q)|2 dVol ≤ sup
B(qjk ,r)
{|∇u|2} ·
∫
B(qjk ,r)
d(q, p)2 dVol
≤ sup
B(pjk ,
2
3
r0)
{|∇u|2} ·
∫
B(qjk ,r)
d(q, p)2 dVol
≤
Cλ2
ε
∫ r
0
t2tn−1 dt
=
Cλ2rn+2
ε
,
in which C > 0 depends only on M. Notice that Vol(B(q, r)) ≥ crn for some c > 0 that
depends only on M. Therefore, for any ε > 0,∫
B(qjk ,r)
|u|2 dVol ≤
Cλ2rn+2
ε
≤ εcrn ≤ εVol(B(p, r))
for all r ≤ δλ−1 with δ = ε
√
c/C.
Remark. The above proof uses the simple observation that the non-equidistribution in
Case I around nodal points is a direct consequence of the gradient bound. We use the
average gradient bound that |∇u| . λ to prove non-equidistribution at the Planck scale λ−1
at “almost all” balls in Theorem 1 and Corollary 2.
On the other hand, recall the Weyl-type estimate
‖∇u‖L∞(M) . λ
n+1
2 .
See e.g., Sogge-Zelditch [SZ]. Therefore, we immediately have non-equidistribution of u at
the scale λ−(n+1)/2 around every nodal point. But notice that this scale is much smaller
than the Planck one.
Example (Highest weight spherical harmonics). We shall point out that the non-equidistribution
in Case I may not hold everywhere, that is, the “almost all” condition in Theorem 1 and
Corollary 2 is optimal. For example, let uk(x, y, z) = k
1/4ℜ(x + iy)k. Then the restriction
of uk onto S
2 (still denoted by uk) is a Laplacian eigenfunction with eigenvalue k(k + 1).
(The factor k1/4 normalizes the function such that ‖uk‖L2(S2) ≈ 1.) These functions have
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mass concentrated in the k−1/2 neighborhood of the equator {(x, y, z) ∈ S2 : z = 0} and are
commonly referred as the “highest weight spherical harmonics”.
Take any ball B(q, r) in this strip with r ≈ k−1. Then it is straightforward to compute
that ∫
B(q,r)
|uk|
2 dVol &
∫
B(q,r)
k
1
2 dVol = k
1
2 · Vol(B(q, r)).
This shows that the non-equidistribution in Case I at the Planck scale can not happen for
balls in the strip. However, for any maximal disjoint balls with separation ≈ k−1, the ones
in this strip are of “zero density” as k → ∞, which agrees with Condition (i) in Corollary
2.
Remark. We use the same example as above to show that the scale of non-equidistribution
in Case I at single points can be much larger than the Planck one.
Take p = (0, 0,±1) (i.e., the north and south poles) and r < pi/2 so uk(p) = 0 and B(p, r)
stays away from the equator. Then∫
B(p,r)
|uk|
2 dVol ≤ Ck
1
2
∫ cos r
0
tkt dt ≤ Ck−
1
2 (cos r)k+2.
Hence, ∫
B(p,r)
|uk|
2 dVol
Vol(B(p, r))
≤
Ck−
1
2 (cos r)k+2
r2
→ 0 as k →∞.
That is, one observes non-equidistribution of uk in Case I at any scale r < pi/2 around the
north and south poles. This is a reflection of the fact that uk and ∇uk decay exponentially
fast away from the equator.
3. Non-equidistribution around points with large values
We prove Theorem 3 in this section. For δ > 0 small, we can assume that B(p, r) with
r = δλ−1 is contained in a coordinate patch of M. A standard mean value inequality yields
that
sup
B(p, r2)
{|u|2} ≤
c
Vol(B(p, r))
∫
B(p,r)
|u|2 dVol.
Here, c > 0 depends only on M. See Li-Schoen [LS] for a proof of the mean value inequality.
Thus, ∫
B(p,r)
|u|2 dVol ≥ cVol(B(p, r)) · sup
B(p, r2)
{|u|2} ≥ cVol(B(p, r))M2,
because |u(p)| ≥ M . Therefore,∫
B(p,r)
|u(y)|2 dVol
Vol(B(p, r))
≥ cM2 ≥ δM2,
by choosing δ ≤ c.
Theorem 4 follows by noticing that if r = δλ−1M2/n, then∫
B(p,r)
|u|2 dVol ≥
∫
B(p,δλ−1)
|u|2 dVol.
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